In this paper, we find exact string cosmological solutions for Bianchi type I cosmology, by using Hojman symmetry approach. The string cosmology under consideration includes a dilaton field ψ with the potential W (ψ), and a totally antisymmetric field strength H µνρ which is specifically defined in terms of the scale factor a(t). We show that for this string cosmology, Hojman conserved quantities exist using which new exact solutions for the scale factor and the scalar field are obtained for some specific potentials W (ψ). *
Introduction
String theory has major objectives, the most recent one of which is the development of a well-defined cosmological framework to upgrade the conventional cosmology near the Planck scale. This is the scale at which most of the major cosmological problems arise and hence one needs a very sophisticated insight to resolve them. The cosmology at this era is offered by string theory as "String Cosmology" which is supposed to provide a sufficient understanding of the very early universe and a subsequent graceful exit towards the conventional "Hot Big Bang cosmology". Based on the recent observations, we have several compelling reasons indicating that the dynamics of early universe might have been profoundly affected by the presence of spatial anisotropies near the Planck scale [1] . In other words, it seems that the assumption of a Friedmann-Robertson-Walker (FRW) isotropic evolution of the universe may hinder some important aspects of the very early universe. Motivated by this argument in the study of string cosmology, the people have relaxed the requirement of spatial isotropy over the 4D spatially homogeneous FRW universe [2] - [9] and considerable attention has been focused on the spatially homogeneous but not necessarily isotropic 4D string backgrounds. We consider this class as the string cosmology counterpart of the vacuum Bianchi-type models [10] - [15] . Vacuum Bianchi-type models involves 4D spatially homogeneous, but not isotropic, spacetimes which satisfy at least the lowest-order string beta-function equations [16] . These models generalize all possible FRW cosmological models and provide the best models available for understanding the impacts of anisotropy on the dynamics of early universe.
Symmetries and the corresponding conserved quantities, in general, help to simplify the dynamics and give rise to exact solutions for physical systems under consideration. Noether symmetry is a well known example which is widely used in different aspects of classical and quantum field theory, as well as in general relativity and black hole physics. Noether symmetry approach has been received great amount of attention in the context of cosmology [18] - [21] . Imposing Noether symmetry on the point-like Lagrangians, associated to the equations of motion of a cosmological model, allows one to find the first integrals of the equations of motion. Recently, an alternative approach to the Noether symmetry approach has been received attention, so called Hojman symmetry approach, which can provide us with a method to find new exact solutions [22] . Unlike the Noether symmetry approach, in the Hojman symmetry approach Lagrangian and Hamiltonian functions are not required to find the exact solutions, rather the symmetry vectors and the corresponding conserved charges are obtained by using the equations of motion, without referring to Lagrangian or Hamiltonian. It turns out that these two approaches may give rise to different conserved quantities as well as different exact solutions. Recently, parallel to the Noether symmetry, the Hojman symmetry has also been extensively used to study some models of extended theories of gravity and cosmology [23] - [27] . In this paper, we study and apply the Hojman symmetry for some string cosmological models, to obtain new conserved charges and exact solutions. The organization of the paper is following. In Sec. 2, we briefly review the main points of the String Cosmology. In Sec. 3, we have a summery look at the Hojman symmetry approach and in Sec. 4, we use Hojman symmetry method in Bianchi type I sting cosmological model.
Preliminaries in String Cosmology
Cosmology is a framework to describe the evolution of the Universe, starting from its very beginning at high energy regime of Planck scale, namely quantum gravity era. On the other hand, string theory is considered as the only known consistent theory of quantum gravity, at Planck energy scale. Therefore, it is appealing to study the very early Universe in the context of string theory, and conversely, the very early Universe seems to be a very natural place to establish some predictions for string models (for more details see [28] ). In this line of study, string-dialton cosmology has come out from the low energy limit of superstring theory, and some exact solutions has been obtained in homogeneous isotropic backgrounds [29] - [32] . Moreover, it has been shown that the gravity may couple, in addition to scalar field, to an antisymmetric second rank Kalb-Ramon tensor, so called B-field. In this model, at low energy limit with a very weak coupling, one may describe a string dominated universe by the tree level effective action including only massless modes, namely tensor modes (graviton) and scalar modes (dilaton), the exact solutions of which for homogeneous and anisotropic string cosmological models are studied in 4D [16] and 5D [17] . However, at high energy limit with strong coupling, the tensor modes and scalar modes experience considerable growths [33] . Therefore, true string cosmological description of the universe, at high energy regime of Planck scale, necessitates the use of perturbative corrections in string cosmology, including the stringy type α ′ -expansion and the quantum loop expansion in string coupling [34] , [35] , [36] , [37] .
Here, we will assume the 4-dimensional spacetime curvatures below the string-Planck scale and describe the evolution of the universe by the following effective action [38] 
where g µν is the background metric, non-minimally coupled to a dilaton field ψ with the potential W (ψ), and H µνρ is a totally antisymmetric field strength which is defined in terms of the antisymmetric Kalb-Ramon field B µν as
The field equations can be derived as follows (see [2] and [3] )
∇ µ e ψ H µνρ = 0.
We take the flat Friedmann-Robertson-Walker (FRW) background metric
where a(t) is the scale factor. In the case of homogeneous cosmological backgrounds, ψ should also be a monotonic function of time t. Also, according to [16] and with no loss of generality, we may consider the 3-form
for the H field which is satisfied by the equation (2).
Brief review on Hojman conservation method
Hojman symmetry was proposed in 1992 [22] , a brief review of which is as follows. Consider a set of second-order differential equations
where q i denotes the coordinates, F i denotes the forces, and a dot denotes derivative with respect to time t. If this equation has a symmetry vector X i = X i (q j ,q j , t), then it has to satisfy the following equation ( [23] , [24] )
where
The symmetry vector X i has the property that under the infinitesimal transformation
the solutions q i of Eq.(8) are mapped into the solutionsq i of the same equations (up to ǫ 2 terms) [25] , [26] . With this property of the symmetry vector X i , the Hojman conserved quantities are defined through the following theorem [27] :
Theorem:
1. If the force F i satisfies the following equation
is a conserved quantity for Eq. (8), i.e. dQ dt = 0, 2. and if F i satisfies
is a conserved quantity, where γ is merely a function of q i .
Bianchi type I String Cosmology via Hojman symmetry
In this section, we will apply the Hojman symmetry approach on the string cosmological system introduced in section 2. Our starting point is the Lagrangian density
By considering the transformations [40] ϕ
we obtain the equivalent Lagrangian density
Using the FRW metric (6) and the 3-form (7), the point-like Lagrangian density (15) reads as
where Z(ϕ) = V (ϕ) − 1 2 F(ϕ). The Euler-Lagrange equations corresponding to (16) 
subject to the zero energy constraint
where ′ denotes the differentiation h ′ (y) = dh/dy. Now, it is possible to use the following conformal transformations [22] and [39] 
under which the Lagrangian (16) takes on the form, corresponding to a minimally coupled scalar field, as followsL
The Euler-Lagrange equations corresponding to (21) are also obtained as
subject to the zero energy constraint − 3ȧ
Combining (22) and (23) 
respectively. The property thatā(t) andφ(t) are invertible functions of time t, helps us to simplify the dynamics by reducing two above dynamical equations to one dynamical equation. In doing so, we define x = lnā,φ(t) =φ(x(t)), and use them in Eqs. (25) and (29) to obtain the following dynamical equationsẍ
Now, these equations are in their most suitable forms to be studied in the context of Hojman symmetry approach. Assuming the one dimensional vector X(x,ẋ), independent of explicit time t, the equation of symmetry vector X is obtained as
From equation (27), we can recognize that F (x,ẋ) = −f (x)ẋ 2 , thus
In general, the differential equation for vector X is difficult to solve, so the authors in [23] tried some ansatz for solving the equation (29) which we consider them in the following.
X ∼ X(ẋ)
By considering X ∼ X(x), the corresponding differential equation for symmetry vector X according to (29) takes the form
or
which is nothing but dQ dx = 0, according to Eq. (12), so we will not consider this choice. For the choice X = X(ẋ), the equation of symmetry vector X reads as Euler equation
from which X and f (x) are obtained respectively as follows
where A 1 , A 2 , f 0 and n are constant parameters, and the Hojman conserved quantity reads as
We can easily verify that the symmetry vectors X ∼ẋ and X ∼ẋ −2 give rise to vanishing conserved charge, namely Q = 0. Therefore, we may discard n = 1, −2 cases. If we define a new variable as y = −(nx + f 0 ) > 0, then using (28) and (30), we obtain
where λ = − 3n 2 16Z 0 ( n 2 16 ) 2−n n . On the other hand, using the equations (12) and (31), for the conserved quantity we have
As was mentioned in [23] , forẋ n > 0 andẋ n < 0 one obtains Q 0 < 0 and Q 0 > 0, respectively. On the other hand, sinceẋ can be negative or positive, we can assume n to be an integer. Using
The solution of this equation is obtained as
(42)
Finally, by using the transformations (14) , (20) and using the equation (42), we obtain
where τ = y 0 − n|Q 0 | 1 n t .
X(x,ẋ) ∼ẋg(x)
According to [23] , we consider another ansatz X(x,ẋ) ∼ẋg(x), where g(x) is an arbitrary function. By this assumption, in order for X to be the symmetry vector, we obtain
By solving this equation we find φ in terms of x as
Also, the Hojman conserved quantity is obtained aṡ
On the other hand, using equations (46) and (28) gives rise tō
which can be rewritten asZ
Now, by considering some ansatzs for g(x), we find some exact solutions in the following.
i. g(x) = λ e 1 2 α 2 x (α, λ are constants)
whereφ c and x 0 are constants. Also, using the equations (48), (50) and (51) yields
andZ
Finally, by using the conformal transformations, we find
and
Here f 0 and α are constants parameters. Again, from Eqs. (47), (48), (50) and (51) we find respectivelȳ φ(x), x(t) andZ(φ) as follows
Finally, using the conformal transformations yields the scale factor, the dilaton field and the generic potential, respectively as follows
where τ = (1 + α) Q 0 (t − t 0 ).
iii. g(x) = − √ 2 α (x + e 2α 2 x )
Here α is a constant parameter. Analogous to the previous cases,
where φ c is a constant parameter,Φ = ± √ 2 2 (φ −φ c ) and τ = 2α 2 Q 0 (t − t 0 ). Also, using the conformal transformations here again we find 
Conclusion
In this paper, we have studied an string cosmological model with the background metric of Bianchi type I, accompanied by a totally antisymmetric field strength, non-minimally coupled to a dilaton field having a potential term. Using the Hojman symmetry approach, we have fixed the dilaton field potentials and obtained the corresponding exact solutions for the scale factor and the dilaton field.
